Driving XXZ spin chains: Magnetic-field and boundary effects by Lange, Florian et al.
epl draft
Driving XXZ spin chains: magnetic-field and boundary effects
F. Lange(a), S. Ejima(b) and H. Fehske(c)
Institut fu¨r Physik, Universita¨t Greifswald, D-17487 Greifswald, Germany
PACS 72.25.Mk – Spin transport through interfaces
PACS 75.10.Pq – Spin chain models
PACS 75.76.+j – Spin transport effects
Abstract – Using the time-evolving block decimation, we study the spin transport through spin-
1/2 and spin-1 XXZ chains subjected to an external magnetic field and contacted to noninter-
acting fermionic leads. For generic system-lead couplings, the spin conductance exhibits several
resonances as a function of the magnetic-field strength. In the spin-1/2 but not the spin-1 case,
the coupling to the leads can be fine-tuned to reach a conducting fixed point, where the peak
structure is washed out and the spin conductance is large throughout the gapless Luttinger-liquid
phase. For the Haldane phase of the spin-1 chain, we analyse how the spin transport is affected
by spin-1/2 edge states, and argue that two-impurity Kondo physics is realised.
The transport properties of interacting nanostructures
connected to leads are currently of great interest and hence
have been the subject of many numerical and analytical
studies [1–6]. For the most part, the focus has been on the
charge transport, which is easier to access experimentally.
However, there are also proposals to use a spin battery
to drive a spin current through a contacted system [7].
Here, motivated by the recent development of antiferro-
magnetic spintronics [8], we numerically investigate such
a setup for general XXZ spin chains. We use the density-
matrix renormalisation group (DMRG) [9] in conjunction
with the time-evolving block decimation [10] to calculate
the spin conductance at zero temperature and small spin
bias. While isolated XXZ chains have already been studied
extensively [11–14], we explicitely include the leads in our
simulations, which should significantly affect the transport
behaviour. There are numerous studies on the spin trans-
port in related models of open spin chains, where the baths
are accounted for through driving terms at the outer sites,
see Refs. [15] and [16], for example. Our model differs in
that we use a closed-system description with tight-binding
leads.
We extend our previous work [17] on the spin-1/2 XXZ
chain by also considering the topological spin-1 Haldane
chain [18], and adding an external magnetic field. The spin
chain realises different quantum phases, both gapped and
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gapless, depending on the magnitude of the local spins and
the strength of the magnetic field. One might expect the
system to be conducting in the gapless and insulating in
the gapped regimes. As we will demonstrate, however, this
only holds in specific cases with fine-tuned parameters. In
general, the effects of the contacts and the finite size of
the spin chain need to be taken into account.
After describing the theoretical model, we discuss sep-
arately the spin-1/2 chain with easy-axis anisotropy and
the spin-1 chain with isotropic exchange. For the latter,
special attention is paid to the Haldane phase, where the
spin-1/2 edge states contribute to the transport.
Setup. – We consider a junction composed of a spin
chain and two fermionic leads. It is assumed that the
system and the leads are initially in the ground state of
the Hamilton operator Hˆ0 = HˆS + HˆL + HˆS−L + Hˆh.
There, the system part
HˆS = J
NS−1∑
j=1
[
1
2
(
Sˆ+j Sˆ
−
j+1 + Sˆ
−
j Sˆ
+
j+1
)
+ ∆Sˆzj Sˆ
z
j+1
]
(1)
is the usual XXZ chain Hamiltonian and the lead part
HˆL = −t
∑
a=l,r
∑
σ=↑,↓
∑
j>0
[
cˆ†jσacˆj+1,σa + cˆ
†
j+1,σacˆjσa
]
(2)
describes two half-infinite tight-binding chains of spinful
fermions. Throughout this work, the ratio between the
exchange constant and the hopping parameter is assumed
to be J/t = 1. Furthermore, the chemical potential in the
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leads shall be zero. The lead with a = l (r) is exchange-
coupled to the first (last) site of the spin chain:
HˆS−L =
J ′
2
[
cˆ†1↑lcˆ1↓lSˆ
−
1 + cˆ
†
1↓lcˆ1↑lSˆ
+
1
+∆(cˆ†1↑lcˆ1↑l − cˆ†1↓lcˆ1↓l)Sˆz1
]
+
J ′
2
[
cˆ†1↑r cˆ1↓rSˆ
−
NS
+ cˆ†1↓r cˆ1↑rSˆ
+
NS
+∆(cˆ†1↑r cˆ1↑r − cˆ†1↓r cˆ1↓r)SˆzNS
]
. (3)
Lastly, a homogeneous magnetic field in both the system
and the leads is taken into account by
Hˆh = −h
[
NS∑
j=1
Sˆzj +
1
2
∑
a=l,r
∑
j>0
(cˆ†j↑acˆj↑a − cˆ†j↓acˆj↓a)
]
.
(4)
The Hamiltonian Hˆ0 is perturbed by an additional mag-
netic field that acts only in the left lead so that the time
evolution is governed by Hˆ = Hˆ0 + HˆV , where
HˆV =
V
2
∑
j>0
(cˆ†j↑lcˆj↑l − cˆ†j↓lcˆj↓l) . (5)
This term adds a spin bias V between the leads and
drives a spin current through the system. The spin cur-
rent jz in the nonequilibrium steady state defines the
spin conductance G = jz/V . For the spin current at
the interface with left lead, we use the definition jz =
iJ
2 (cˆ
†
1↑lcˆ1↓lSˆ
−
1 − cˆ†1↓lcˆ1↑lSˆ+1 ).
To calculate the steady-state spin current that develops
after the spin bias is switched on, we follow the approach
described in Ref. [5]. Instead of the usual matrix-product
states, however, we use a tree-tensor network representa-
tion where each lead is split into two branches correspond-
ing to the two values of the spin index [19,20]. Since such
a tensor network is loopless, we can employ more or less
the same techniques as in the matrix-product state ap-
proach. First, the ground state of Hˆ0 is calculated with
the DMRG. This state is then evolved in time according to
Hˆ with the time-evolving block decimation. In these sim-
ulations, the leads have to be truncated to a finite number
of sites, and therefore no true steady state can be reached.
Nevertheless, one can extract an accurate estimate for the
spin conductance by extrapolating the behaviour of the
spin current to the steady state. For the finite leads, we
apply damped boundary conditions, where the hopping
parameter is smoothly set to zero near the boundaries
away from the system, which allows for a variable magne-
tization in the spin chain and the surrounding region [3].
The leads in our simulations have up to 600 sites, and
the maximum bond dimension during the time evolution
is 500.
Spin-1/2. – The first case we study is the spin-1/2
XXZ chain with anisotropy parameter ∆ = 2. In the ab-
sence of an external magnetic field, the system is deep
in the gapped Ne´el phase where the zero-temperature
spin transport is diffusive. At some finite magnetic-
field strength hc, a quantum phase transition to a gap-
less Luttinger-liquid (LL) phase takes place and the spin
transport becomes ballistic [11, 21]. For ∆ = 2, we have
hc/J ' 0.40. The LL parameter is K = 1/4 at h = hc
(following the convention of Ref. [22]) and increases as h
grows further, approaching K = 1 at the transition to the
fully polarised ferromagnetic phase [22].
The maximum linear spin conductance of the junction
is given by the leads as G0 = 1/(4pi). Because of scatter-
ing at the contacts, this ideal spin conductance may only
be achieved when the model parameters are fine-tuned to
a conducting fixed point, even if the spin chain is in the
LL phase [17]. This situation is similar to the transport in
fermionic junctions with abrupt change in the parameter,
where such conducting fixed points have been studied pre-
viously [6, 23, 24]. Here, we investigate how the contacts
affect the magnetic-field dependence of the spin conduc-
tance.
To confirm that a conducting fixed point exists and to
determine the corresponding parameter J ′/t, we analyse
the Friedel oscillations in the spin chain near the inter-
faces. Vanishing Friedel oscillations are expected for per-
fect contacts, for which the linear spin conductance be-
comes G0 in the gapless phase [6, 17]. While we are in-
terested in the zero-temperature case, we find it easier
to carry out the simulations for finite temperature with
the purification method [25]. As a simple measure for the
strength of the oscillations, the maximum deviation from
the average magnetization in the bulk is used. The re-
sults for inverse temperature βt = 4 are shown in Fig. 1.
For all field strengths h/t considered, the oscillations ap-
proximately vanish at J ′/t = 1.4 which indicates the ex-
istence of a conducting fixed point, with no discernible
magnetic-field dependence. The temperature dependence
of the position of the minimum is negligible for the pa-
rameters used.
We now discuss the effect of the magnetic field and the
system-lead coupling on the spin transport. In Fig. 2, the
dependence of the spin conductance on the magnetic field
strength h is shown for fixed spin bias V/t = 0.1 and sys-
tem sizes NS = 12, 24 and 36. Two values of the system-
lead coupling are considered: J ′/t = 1.4, where a conduct-
ing fixed point is expected, and J ′/t = 1.2. For J ′/t = 1.4,
conductance stays approximately constant above the crit-
ical field hc, except for some fluctuations. The spin con-
ductance there is close to the ideal value G0. Below hc, the
spin current at fixed V becomes suppressed with increas-
ing chain length NS . In the limit of a large spin chain
and small bias, the spin conductance at the conducting
fixed point should be a step function so that the strength
of the magnetic field switches between insulating and con-
ducting behaviour: limV→0 limNS→∞G = G0Θ(h − hc).
Very large spin chains are out of reach of our simulations
but the results for NS = 36 already resemble this limit-
ing behaviour. For a slighly smaller coupling J ′/t = 1.2,
p-2
Driving XXZ spin chains: magnetic-field and boundary effects
0.6 1 1.4 1.8 2.2 2.6
0
0.05
0.1
0.15
J ′/t
m
ax
(|〈
Sˆ
z j
〉−
S¯
z
|)
h/t = 0.2
h/t = 0.4
h/t = 0.6
Figure 1: Maximum of the Friedel oscillations in the spin-
1/2 XXZ chain for ∆ = 2 and βt = 4.
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Figure 2: Spin conductance G = jz/V for a spin-1/2-chain
junction with ∆ = 2, and spin bias V/t = 0.1. The grey
lines indicates the critical magnetic field hc/t ' 0.40, the
blue lines the positions of the level crossings in an isolated
spin chain.
away from the conducting fixed point, the effect of the
magnetic field is qualitatively different. Outside of mul-
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Figure 3: Spin conductance for a spin-1-chain junction
with ∆ = 1. The spin bias is V/t = 0.1. At the critical
magnetic field hc/t ' 0.41 (grey line), the transition be-
tween Haldane and Luttinger-liquid phases takes place in
the thermodynamic limit.
tiple peaks, the spin current is strongly suppressed even
for h > hc. The number of peaks increases with NS and
their height decreases at fixed V . At the first maximum
for NS = 12, the spin conductance is close to the ideal
value G0 while for NS = 36 the maximum is approxi-
mately G0/2. The positions of the current peaks depend
strongly on the system size and lie roughly at those val-
ues of the magnetic field where the ground state of the
isolated spin chain becomes degenerate. This is in ac-
cordance with the picture that even for strong system-
lead coupling the spin chain effectively decouples from the
leads. Similar results were found in Refs. [3] and [26] for
chains of spinless fermions with varying chemical poten-
tial. Here, however, the leads are spinful, and states with
different magnetization become degenerate. The effective
low-energy theory near the degeneracy points therefore
resembles the two-channel Kondo model, with the two
lowest-lying states of the chain corresponding to a spin-
1/2 [27]. In the zero-bias limit, the two-channel Kondo
model exhibits perfect spin conductance [28]. The smaller
conductance observed in Fig. 2 may be attributed to ad-
ditional perturbations in our system and the finite bias
V . In a certain sense, the resonances in the current versus
magnetic-field curves correlate with the Coulomb block-
ade physics known from charge transport through low-
dimensional nanostructures [29], the z-component of the
total spin in our model corresponding to the particle num-
ber.
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Figure 4: Local minimum of the spin conductance for dif-
ferent coupling constants J ′/t. The other parameters are
the same as in Fig. 3.
Spin-1. – We now consider a spin-1 chain with ∆ = 1,
i.e., the Haldane chain. Below the critical magnetic field
hc/J ' 0.41, the model is in the topological Haldane phase
with a finite gap for excitations. For h > hc, a gapless
LL phase is realised. The LL parameter is K = 1 at
the transition, and increases with h [12]. In contrast to
the spin-1/2 chain, the model is nonintegrable so that the
linear-response spin transport is expected to be ballistic
only at zero temperature [13]. For small system sizes,
the transport behaviour may nevertheless be quite similar
to that in an integrable spin-1/2 chain even at finite low
temperatures [14]. The leads of the junction are the same
as in the previous section.
Let us first discuss the junction for parameters in the
LL regime of the spin chain. While the bulk of the system
for h > hc can be described by the LL model, the effect
of the contacts may be different from the spin-1/2 case.
Indeed, we find that the Friedel oscillations of the mag-
netization near the interfaces can not be tuned to zero by
adjusting the system-lead coupling J ′. Since the absence
of the oscillations indicated a conducting fixed point in
the spin-1/2 model, this suggests that here no such fixed
point occurs. We have checked this by calculating the
spin conductance for different values of J ′ and h. The
results are displayed in Figs. 3 and 4. Like in the spin-
1/2 junction away from the conducting fixed point, there
are multiple peaks in the spin conductance, which are re-
lated to degeneracies in the spectrum of the spin chain. As
demonstrated in Fig. 4, however, the minima of the cur-
rent cannot be removed by tuning the coupling parameter
J ′/t, confirming the absence of a conducting fixed point in
the spin-1 junction. Although no conducting fixed point is
observed, the system-lead coupling still has a significant
effect on the conductance as can be seen by comparing
the results for J ′/t = 1.5 and J ′/t = 1.0 in Fig. 3. For
NS J˜/J
12 0.09714
24 0.01341
36 0.00186
48 0.00025
Table 1: Strength of the effective exchange coupling be-
tween the edge spins calculated from the spin gap for open
boundary conditions.
J ′/t = 1.5, the current values at the minima and max-
ima become visibly larger with h, while the effect is much
weaker for J ′/t = 1.0. A possible explanation for the
growth of the current with h is the increase of the LL pa-
rameter K with h, which could lead to a less severe effect
of the inhomogeneity at the interfaces [1]. Like in the spin-
1/2 case, we can compare the position of the conductance
peaks with the positions of the level crossings in the iso-
lated spin chain. Good agreement is found for the distance
between the peaks, but there is a noticeable overall shift
to smaller h.
For magnetic fields below hc, in the Haldane regime of
the spin chain, the spin conductance vanishes for most of
the parameters in Fig. 3. For NS = 12 and J
′/t = 1.0,
however, there is a clear conductance maximum at h = 0.
As discussed in the following section, this is likely related
to the spin-1/2 edge states in the Haldane phase.
Haldane Phase. – For appropriate combination of
system size NS and system-lead coupling J
′, a conduc-
tance maximum was found around zero magnetic field in
the Haldane phase (see Fig. 3). To explain this maxi-
mum, one may use an effective low-energy model, where
the Hilbert space of the spin chain is reduced to the sub-
space of the quasidegenerate ground states.
A Haldane chain with open boundary conditions has
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Figure 5: Schmidt gap for a junction with NS = 12 and
different lead sizes NL at the bond between the spin chain
and the left lead. Results are shown for uniform leads and
for logarithmic discretisation.
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spin-1/2 degrees of freedom at the edges, which lead to
a fourfold-degenerate ground state in the thermodynamic
limit. When the system size is finite, the edge states are
coupled and the degeneracy is partially lifted. An effec-
tive low-energy model for the spin chain is Hˆ = J˜Sˆ1 · Sˆ2,
where Sˆ1/2 are spin-1/2 operators representing the edge
states [30]. The coupling J˜ decreases approximately ex-
ponentially with the system size NS (Table 1). For even
(odd) NS the coupling is antiferromagnetic (ferromag-
netic). Here, we restrict ourselves to even NS . Adding
the leads results in a spin-1/2 junction with NS = 2, ex-
change coupling J˜ and some effective coupling to leads
J˜ ′ ∝ J ′. By calculating the matrix elements of the spin-
1 operators Sˆ1,NS in the subspace of the quasidegenerate
ground states of the isolated spin chain, one obtains the
coupling J˜ ′ ' 1.064J ′ for NS → ∞ [9, 31]. The result-
ing spin-1/2 Hamiltonian is a two-impurity two-channel
Kondo model [32, 33]. For J˜ > 0, the model has two
phases with an impurity phase transition at J˜ = J˜c. In
the Kondo-singlet phase (J˜ < J˜c) each spin-1/2 is screened
by the corresponding lead and the two spins effectively de-
couple. In the local-singlet phase (J˜ > J˜c), the two spins
form a singlet and decouple from the leads.
The phase transition J˜ = J˜c is called the non-Fermi-
liquid fixed point. There, the system has some unusual
properties such as a residual impurity entropy 12 ln(2) and
a logarithmic divergence in the temperature dependence
of the staggered susceptibility [32,34]. Since these quanti-
ties are difficult to access with the DMRG, we search for a
phase transition in the spin-1 model by calculating appro-
priate entanglement spectra instead [35]. To distinguish
between the local-singlet and the Kondo-singlet phase, it
is sufficient look at the Schmidt gap which is defined as
the difference between the two largest eigenvalues of the
reduced density matrix [35].
As already exploited in Ref. [36], a logarithmic dis-
cretization of the leads works well for the calculation of
the Schmidt gap (Fig. 5). The discretization intervals are
then defined by the points n = ±2tΛ−n for n = 0, 1, ...
and some discretization parameter Λ > 1 [34]. The chain
representation of the leads is obtained with the Lanczos al-
gorithm. If not mentioned otherwise, leads with NL = 200
sites and discretization parameter Λ = 1.15 are used. Fig-
ure 6 displays the Schmidt gap for the bond between the
spin chain and the left lead in a spin-1 chain. There is
a sharp transition between finite and zero Schmidt gap
whose position changes when the size of the spin chain
is varied at fixed exchange coupling J . If, on the other
hand, J/t is adjusted to keep the effective spin-1/2 model
constant the position of the jump stays approximately the
same (Fig. 7). The results for the spin-1 chain also agree
with a calculation directly in the expected effective spin-
1/2 model, which suggests that the observed transition is
indeed related to the edge states even though we have no
direct confirmation that two-impurity Kondo physics are
realised. An analogous calculation of the Schmidt gap can
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Figure 6: Schmidt gap for a spin-1 chain with ∆ = 1 at the
bond between the spin chain and the left lead. Compared
are results for different chain lengths NS . The inset shows
the results of a similar calculation for the spin-1/2 chain
with ∆ = 1.
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Figure 7: Schmidt gap for a spin-1 chain with ∆ = 1 for
different system sizes and fixed exchange constant for the
edge spins J˜/t ' 0.097, which corresponds to NS = 12 and
J/t = 1 (Table 1). The results for the assumed effective
spin-1/2 chain model are also shown.
be done for a spin-1/2 chain (inset of Fig. 6), where the
jump in the Schmidt gap corresponds to the conducting
fixed point. In contrast to the spin-1 case, the position of
the jump is approximately independent of the chain length
NS for suffiently large NS .
To see how the spin transport is related to the edge
states, the spin conductance is investigated for a spin-
1 junction, h = 0, and different coupling strengths J ′/t
(Fig. 8). The spin current is very small except for a
peak at approximately the position of the jump in the
Schmidt gap (J ′/t ' 0.75 for NS = 12 and J ′/t ' 0.50 for
NS = 24). With increasing system size NS the maximum
p-5
F. Lange et al.
of the conductance at fixed V decreases because of the ex-
ponential suppression of the interaction between the edge
spins. For low spin bias V , spin transport in the Haldane
chain seems to be possible only near the phase transition
between Kondo-singlet and local-singlet phases of the edge
states. The spin chain also should be relatively short to
have a reasonably strong coupling between the edge states.
When the coupling J ′/t is smaller than the critical value
and the system is in the local-singlet phase, the maxi-
mum of the conductance is shifted to a small finite h.
This may be explained within an effective single-impurity
two-channel Kondo model for a pseudospin formed from
the singlet state and the lowest triplet state of the edge
spins [33]. Accordingly, the conductance maximum lies
roughly at h = J ′, where the singlet and lowest triplet
state have the same energy. In Fig. 3, this corresponds to
the blue lines below the critical field hc.
Conclusion. – We have numerically studied the spin
transport for junctions in which a spin-1/2 or spin-1 XXZ
chain is coupled at both ends to noninteracting fermionic
leads. The focus was on the effect of the contacts and an
external magnetic field that switches between gapped and
gapless phases of the spin chain. When the strength of
the magnetic field is varied, the spin conductance gener-
ally shows several resonances that correspond to degener-
acy points in the spectrum of an isolated spin chain. The
height of these current maxima decreases with the system
size, indicating that spin transport becomes suppressed
for long chains. By fine-tuning the system-lead coupling,
a conducting fixed point may be reached. There, instead
of showing multiple pronounced peaks, the conductance
develops a plateau, when the magnetic field is increased
and the system passes into the gapless phase. Whether a
conducting fixed point exists will depend on the spin chain
in the junction. Our results indicate that such a point oc-
curs for the spin-1/2 XXZ chain but not for the spin-1
Haldane chain. A difference is also observed regarding the
0.2 0.4 0.6 0.8 1 1.2
0
1
4pi
J ′/t
G
NS = 12
NS = 24
Figure 8: Spin conductance for a spin-1 junction with
J/t = 1 and ∆ = 1. The spin bias is V/t = 0.1.
Friedel oscillations at the contacts, which vanish at the
conducting fixed point of the spin-1/2 chain but appear
to be always finite in the spin-1 case. Lastly, we have dis-
cussed the transport in the gapped Haldane phase at zero
magnetic field. The spin conductance there shows a clear
maximum as a function of the system-lead coupling. By
examining the entanglement gap at the interface, we have
provided evidence that this conductance maximum corre-
sponds to the non-Fermi-liquid fixed point of an effective
two-impurity Kondo model formed by the spin-1/2 edge
states.
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